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ANSWERS AND EXPLANATIONS TO SECTION T

ProgieEM 1. COS(Zf) di =

o W ey

First, take the antiderivative: Jcos(zt) dt = —;-sin(Zt)

Next, Plug In x and % for t and take the difference: %—sin(2x)m %sin(.’l{gj].

sint2x)-1
This can be simplified to EM_—]#

The answer is (B).

Prosrem 2. - What are the coordinates of the point of inflection on the graph of

y=x"~15x" +33x+100 ?

In order to find the inflection point(s) of a polynomial, we need to find the values of
x where its second derivative is zero.

- First, we find the first and second derivative:

B 3y 300+ 33
dx
2
Y _gx-30
dx

Now, let’s set the second derivative equal to zero and solve for x.
6x—30=0,x=5

In order to find the y-coordinate, we Plug In 5 for x in the original equation:
y=5"—15(5"]+33(5)+100=15.

Therefore, the coordinates of the point of inflection are (5,25).

The answer is {E}.
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Prosiem 3. If 3x” - 2xy+ 3y =1, then when x = , ﬂ =
dx

We need to use implicit differentiation to find ¥
dx

o dy dy
6x—2 x 2 3 g
x %\xdx+y 3=

dy dy
Ox—2x 2y + 34 =0
* xdx y dx

L ' dy .
Now, if we wanted to solve for EEL in terms of x and y, we would have to do some
x

algebra to isolate _:{imyu But, because we are asked to solve for fj}i at a specific value

X dx
of x, we don’t need to simplify.

We need to find the y-coordinate that corresponds to the x-coordinate x = 2. We
plug x = 2 into the original equation and solve for y:

3(2) ~2(2)y+3y=12-y =1
y=11

Finally, we plug x = 2 and y = 11 into the derivative and we get:

6(2)_2(2)%-2(11)+ 3%:0

dy ay
12— g2 P20 3 = ()
dx dax

10
dx

The answer is (B).

3
PropLEM 4. j W_SE dxv =

1 X

3
First, rewrite the integral as: jf 8y 3 dy =
1

o+l

A

, X
Using the power rule for integrals, which is jl’ dx = B +C, we get:
ij”?’ dx = ix'2 =~w~45
2 x
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Next, Plug In 3 and 1 for x and take the difference: I S S -
2

The answer is (A).

PRroOBLEM 5. fx)

The graph of a piecewise linear function f, for 0< x< 8, is shown above. What s the
8
value of | f(x)dx?
B

Here, we need to add the areas of the regions between the graph and the x-axis.
Note that the area of the region between 0 and 5 has a positive value and the area of
the region between 5 and 8 has a negative value. The area of the former region can
~ be found by calculating the area of a trapezoid with bases of 2 and 5, and a height

of 2. The area is Lin eVai_m. The area of the latter region can be found by
fi §2~r o }\2 =7 [=] Py

2
calculating the area of a triangle with a base of 3 and a height of 2. The area is
1 (3)(2) — 3. Thus the value of the integral is 7-3=4.

The answer is (B).

ProBrEM 6. If fis continuous for a < x< b, then at any point x = ¢, wherea <b < ¢, which of
the following must be frue?

In order for f (x) to be continuous at a point ¢, there are three conditions that need
to be fulfilled:

(1) flc) exists
{2 1}}55 Fla) exdists
®) tim f(x)= (0

Answer choices A, B, C, and D are not necessarily true.

The answer is (E).
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Prosuem 7. 1f f(x)=x*3x+1, then filx)=

Here we need to use the product rule, which.is: If f (x) =uv, where i and v are both

functions of x, then f ’(x) = ug-?- + 0.

1
Here, we get: f'(x)= x2(§(3x+1)_5(3)}+ 2x43x+1

[

2 N
This can be simplified to: __ 3% 23141
243x+1

Multiply the numerator and denominator of the second expression by 2v3x-+1to

get a common denominator : 3 . me( 2+/3x + }J

2v3x+1 \2w/3x+1m

This simplifies to:

3¢ ~+~4x{ 3x+1 ) 3% 12x%+dx 157+ 4x
2/3x+1 2«@x+1J 243x+1 243x+1  243x+1
The answer is (D),

Prosiem 8. What is the instantaneous rate of change at t=-1 of the function f if
,(i)m P4t
417

We find the instantaneous rate of change of the function by taking the derivative
and Plugging In f=-1.

We need to use the Quotient Rule, which is:

Given f(x)m—g—(—x) then f’(x): h(x)g’(x)-g x)h’(x)

) ()]

(46+1)(3¢7+ 1)~ (£ +1)(4)
(4t+1)

=
————

Here, we have: f’(f)z
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Next, Plug In ¢ = -1 and solve:

e R N IS R R
| (-1)+1)’ ) 9

The answer is (D).

e+l A
PROBLEM 9. f [ij dx =

You should know that J-% = ln{xh C.

We take the antiderivative and we get: J.[-E—i} dx= 41n§x-1\ +C
— a

Next, Plug In ¢ + 1 and 2 for x and take the difference: 41n(e)-41In{1)

You should know that Ine=1 and Inl1=0. Thus we get: 4111(e)~ 4111(1) w4

The answer is {A).

Proerem 10,

5 V)

o)

e

€ 120~

g o0 —\

3} —_—

g o0 3 |

“ T

e RN T S T N
2 4 6 8 10 12 14 16

{Hours)

A car’s velocity is shown on the graph above., Which of the following gives the total
distance traveled from t = 0 to t = 16 (in kilometers)?

We find the total distance traveled by finding the area of the region between the
‘curve and the x-axis. Normally, we would have to integrate but here we can find the
area of the region easily because it consists of geometric objects whose areas are

simple to calculate.
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The area of the region between f = 0 and = 4 can be found by calculating the area

of a triangle with a base of 4 and a height of 60. The area is %(4)(60)m 120.

The area of the region between f = 4 and f = 8 can be found by calculating the area
of a rectangle with a base of 4 and a height of 30.

The area is (4)(30)=120.

The area of the region between t = 8 and f = 16 can be found by calculating the area
of a trapezoid with bases of 4 and 8, and a height of 90 (or you could break it up into

a rectangle and a triangle). The area is %(4+ 8)(90) = 540.

Thus the total distance traveled is 120+120+ 540 =780 kilometers.

The answer is ().

Prosrem 11. wfmtanz(llx):
dx

o ' du ' .
The derivative of ta,n(u]: secz-u?. Here, we need to use the Chain Rule:
X

% tan.z(tix) e 2[ta11(4x)][sec2(4x)](4) = g[tan(zlx)][secz(éx]]

e

The answer is (T},

Proprem 12. What is the equation of the line tangent to the graph of y=sin’x at x= Z—?
If we want to find the equation of the tangent line, first we need to find the

2
y-coordinate that corresponds to x= E Itis: y= sinzf E) = (ML] -1

L V2,2

Next, we need to find the derivative of the curve at y==, using the Chain Rule,

d_ A
We get: —E}ym:.?sinxcosx. At x=§~, ffy_
X - X

4
=Zsin E}cos’ Z =2 —}M\
dx| = 4 L4 2 )
4
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Now we have the slope of the tangent line and a point that it goes through. We can
use the point-slope formula for the equation of a line, (y— Y, )= m(x- X ), and Plug

In what we have just found. We get: (y—}z»} = (1)[x—«m)

The answer is (B).

_ Bax*+2bx+1;x<1 ,
ProsLEM 13. If the function f (DC) =1 . s is differentiable for all real values
_ ax” —4bx" - 3x;x>1

of x, then b =

In order to solve this for b, we need f (x) to be differentiable at x = 1, which means
that it must be continuous at x = 1. If we plug x = 1 into both pieces of this piecewise

B3a+2b+1;x<1
a-4b-~3:x>1
can be simplified to 2a+6b=-4.

function, we get: f ( x) - { .50 we need 3a+2b+1=a-4b—3, which

Now, we take the derivative of both pieces of this function:

,( )_ fax+2bx<1
B dax®—8bx—3;x>1

, 80 we need

Then we Plug In x=1 and we get f,(x):{6a+zb;x<1

4ag—8h—3:x>1
6a+2b=4a—8b-3, which can be simplified to 20+10b=-3

Solving the simultaneous equations, we get a= —»—% and b= %

The answer is (B).

ProsLEM 14. The graph of y=x*+8x” 723" +4 is concave down for
A graph is concave down where the second derivative is negative.
First, we find the first and second derivative;

W g4 245 - 144x
dx

g2
BV 1257 4 485144

"
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Next, we want to determine on which intervals the second derivative of the function
is positive and on which it is negative. We do this by finding where the second

derivative is zero: 12x° +48x—144 =0

x*+4x-12=0
(x+6)(x—»2)=0
x=-bor x=2

We can test where the second derivative is positive and negative by picking a point
in each of the three regions —eo<x <6, -6 <x <2, and 2 < x <, plugging the point
into the second derivative, and seeing what the sign of the answer is. You should
find that the second derivative is negative on the interval ~6<x <2, '

The answer is (A).

x% 4 By 24
ProBrem 15, If X}=-~———"—"— then i is
fx) 2 +10x+16 Lim, f(=)
2 -
X +5x-24
First, t luggi .. _g mt X J 7 e e

(-8)+5(-8)-24 0o _
We get: f (x)= 5 =—. This does NOT necessarily mean that the
(-8) +10(-8)+16 O

limit does not exist. When we get a limit of the form %, we first try to simplify the

function by factoring and canceling like terms. Here we get:

G X +5r-24  (¥+8)x-3) (x-3
flx)= x2+150x+2i (x+ 8)§x+ 2; gﬁzg

(-8-3) —11 11

Now, if we Plug In x = -8, we get: f (x)

i

(-8+2) 6 6

The answer is (D).



Prosiem 16.

fH{x)

] { b | s} [ 1 /x

S N

The graph of f (x) is shown in the figure above. Which of the following could be the
'graph of f'(x}?

Here we want to examine the slopes of various pieces of the graph of f (x) Notice

that the graph has a positive slope from x=—co to x = -2, where the slope is zero.

Thus we are looking for a graph of f'(x) that is positive from x=—w to x =~2 and

zero at x = =2. Next, notice that the graph of £(x) has a negative slope from x = -

2 to x = 2, where the slope is zero. Thus we are looking for a graph of Fi{x) thatis

e al

negative from x = -2 to x = 2 and zero at x = 2. Finally, notice that the graph of f {JL

L

has a positive slope from x = 2 to x=oo. Thus we are looking for a graph of f'{x
that is positive from x = 2 to x=oo. Graph (E) satisfies all of these requirements.

The answer is (E).

Prosiem 17, If f(x):ln(cos(fix)),then f’(x}i

| Remember that —;;m(u( x)): z’((j)) )

We wiil need to use the _Chain Rule to find the derivative:
ol ——sin(?jx) I 2

O ————— 3 = — f i ¢

fx) [ cos(37) ]( )=-3tan(3x)

The answer is (D).
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x4l

- Prosiem 18. If f{x)= f Vt*-1df, then f/{-4)
0
The Second Fundamental Theorem of Calculus tells us how to find the derivative of

. d g du . .
an integral. It says that — tydt= flu}—, where ¢ is a constant and u is a
8 ys that — " f(r)dt= flu) - |
function of x.

, x4+l S —

‘ N R Y
Here we can use the theorem to get: o J S| dt:‘{/(x-g—]_) -1
' X
o

Now we evaluate the expression at x = 4. We get: %/(“4*% 1)2 -1=2

The answer is (C).

Prosrem 19. A particle moves along the x-axis so that its position at time # , in seconds, is
given by x{t)=t"~7t+6. For what value(s) of ¢ is the velocity of the particle zero?

Velocity is the first derivative of position with respect to time.

The first derivative is: oft]=2¢-7.
Thus the velocity of the particle is zero at time t = 3.5 seconds.

The answer is (D).

I

2
ProBLEM 20. J. sin(Ex)e““z “dx =
¢

We can use u-substitution to evaluate the integral.

Let u=sin“x and du=2sinxcosxdx. Next, recall from Trigonometry that

2sinxcosx=sin{2x). Now we can substitute into the integral |¢" du, leaving out
. & g

the limits of integration for the moment.

Evaluate the integral to get: _{e“du = ¢"

Now we substitute back to get: ¢™*
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Finally, we evaluate at the limits of integration and we get:

The answer is (B).

Prosrem 21. The average value of sec’ x on the interval _72, Zlis
' 6" 4
In order to find the average value, we use the Mean Value Theorem for Integrals,

{:aﬁf(x) dx:

which says that the average value of f(l) on the interval [a, b] is

b
- [&sec” x dx.
]

4 6

Here, we have

. d
Next, recall that = tan x=sgec’ x.
x

We evaluate the intégrai: 1 (tafa x)li L1 tan - — tan " 1 1_‘13_’
. L omom 4 6l m =m 3

4 4 4 b 46
Next, we need todo a Ié,ttle_ algebra. Geta common denominator for each of the two
I
expressions: 1 7. 3.1 3_\3
z x| 3, en_in|3 3
24 24

2r 3 T

We can simplify this to: WL[?"\E): }3( 3-- \/_’3—}2 12— é«/g
T 3

24

The answer is (C),
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Prosrem 22. Find the area of the region bounded by the parabolas y = x* and y = 6x — x* .

First, we should graph the two curves.

~J CONO
i
R A R

Next, we need to find the points of intersection of the two curves, which we do by
setting them equal to each other and solving for x.

2 2

X =6x—x
2x° = bx
2x% —6x=0
2x{x-3)=0

x=0o0rx=3

We can find the area between the two curves by integrating the top curve minus the
bottorn curve, using the points of intersection as the limits of integration. We get:

o

£ Sy €3

. . 3 3
We evaluate the integral and we get: J(6x-— 542 )dx . [sz _ % ﬁ}é =9
0 5

a

The answer is (A).
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Prosrem 23. The function fis given by f (1) =x*+ 4x°. On which of the following intervals
is f decreasing?

A function is decreasing on an interval where the derivative is negative.

. . - rrf N 3 ~
The derivative is f'{x}=4x”+12x°

Next, we want to determine on which intervais the derivative of the function is
positive and on which it is negative. We do this by, finding where the derivative is

Zero:
433 41247 =0
4x2(x+ 3) =

x=-30rx=_0

We can test where the derivative is positive and negative by picking a point in each
of the three regions ~eo < x <3, -3 <x <0, and < x < e, plugging the point into the
derivative, and seeing what the sign of the answer is. Because ¥* is never negative,
vou should find that the derivative is negative on the interval —eo < x < -3.

The answer is (D).

. %an(i’»x + 3x
PropieM 24. lim ———f—— =
x—0 sm(:qx)

- . sinx
We will need to use the fact the hrré
= X

=1 to find the limit,

sin(Sx)

. . o . cos(3x)

First, rewrite the limit ag Im ——rfem=
;) sm(Sx)

-+ 3x

Next, break the expression into two rational expressions:

. sin(Sx) 3x
1 — +— =
x—0 sm(Bx)cos(Bx} sm(Sx)

Which can be broken up further into:

. sin(Bx) 1 3x
limy - + =
xms0 sm(Sx) cos(Bx) sm(Sx)
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We will evaluate the limit of each separately.

First expression

Divide the top and bottom by x: lim
v e Y x1m~>0 sin(Sx)

x
the upper expression by 3, and the top and bottom of the lower expression by 5:

. Then muitiply the top and bottom of

3511:1(33:) . SSin(Sx) ( )
L 3y . ‘ . o 3x _31) 3
Eﬂme Tonfen (5}5) . Now, if we take the limit, we get: 11133 Eﬂ (Sx) 5 (1) z
5x : S5x
Second expression
This limit is straightforward; lim LS S 1
is limit is straightfo + lim cos(Bx) = cos(O) =1.

Third Fxpression

. . 3x . x
First, pull the constant, 3, out of the limit: Im-————==3lm —7—r.
Pats sm(:)x) x-30 sm(Sx)

Now, if we multiply the top and bottom of the expression by 5, we get:

3lim %
20 5sin{5x)

il

Now, if we take the limit, we get: SIim——S—i——— =3 = |=
s=0 5sin{5x) | 5

Combine the three numbers and we get: %(1)+-§_: %

The answer is (D).



ProsLam 25. If the region enclosed by the y-axis, the curve y= 4x, and the line y=8is
revolved about the x-axis, the volume of the solid generated is

First, we graph the curves.

Y

E
10+ e
91 _
81 y=8
7
6
5
ii
3+
3
1

X

We can find the volume by taking a vertical slice of the region. The formula for the
volume of a sclid of revolution around the x-axis, using a vertical slice bounded

from above by the curve f(x) and from below by g(x), on the interval [a,B], is:
_ J’L‘L [f(x)2 —g(x)z]dx

The upper curve is ¥ =8 and the lower curve is y= ax.

Next, we need to find the point(s) of intersection of the two curves, which we do by
setting them equal to each other and solving for x.

8=4'\E

2=4x

x=4
Thus, the limits of integration are x = 0 and x = 4.

Now, we evaluate the integral:

;zj;(s)z ~fax]ax= chj (64— 16x)dx= {642~ 8x2>éi =128

The answer is (Bl
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ProBrem 26. The maximum velocity attained on the interval 0 <5 by the particle whose
displacement is given by s{f)=2t> —12f* +16t+2 is
- Velocity is the first derivative of position with respect to time.

The first derivative is:
o(t)=6t" - 24t +16
If we want to find the maximum velocity, we take the derivative of velocity (which
is acceleration) and find where the derivative is zero.
v'(t)=12t~24

Next, we set the derivative equal to zero and solve for £, in order to find the critical
value.

12t=24=0
=2

Note that the second derivative of velocity is 12, which is positive. Remember the
second derivative test: If the sign of the second derivative at a critical value is
positive, then the curve has a local minimum there. If the sign of the second
derivative is negative, then the curve has a local maximum there.

Thus, the velocity is a minimum at t = 2. In order to find where it has an absolute
maximum, we plug the endpoints of the interval into the original equation for
velocity, and the larger value will be the answer.

t = 0 the velocity is 16. Att =5, the velocity is 46,

The answer is (B).

ProeLEM 27, The value of ¢ that satisfies the Mean Value Theorem for Derivatives on the

interval [0,5] for the function f (%)= x° —6x is

The Mean Value Theorem for Derivatives says that, given a function f (x) which is

continuous and differentiable on [a,b], then there exists some value ¢ on (ﬁ,b>

where f_@gf_(_ﬂ = f’(c).

(H)_
Here, we have f \bé

=
Jt
|
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and f'{c)=3c~6, s0 we simply set 3¢* ~6=19. If we solve for ¢, we get: ¢= iwiw.

3
Both of these values satisfy the Mean Value Theorem for Derivatives, but only the

. 5 .
positive value, c= Tg, is in the interval.
&

The answer is {E).

Prosiem 28. If f{x)=sec{4x), then f’[%} is

d
Recall that = secx =secxtanx.
x

Therefore, using the Chain Rule, we get: [ ’(x) = 4sec(4x)tan(éx)

v —
If we Plug In x= ;6_' we get: f(x)= 4sec[~zJ tan{%) =42

The answer is (A),

Prosrem 29, If f (x) is the function given by f (;L) =¢"" +1, at what value of x is the slope of

: el e e
the tangent line to f {x} egual to 27

The slope of the tangent line is the derivative of the function. We get: f(x)=3¢",
Now we set the derivative equal to 2 and solve for x.

3¢5 =2

3x

2
et =
3

3x= Inmzw

xw-i—lng =~—.135
3 3

(Remember to round all answers to three decimal places on the AP exam).

The answer is {A).
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Proeiem 30. The graph of the function y = x° +12x" +15x+ 3 has a relative maximum at x =

i
First, let's find the derivative: E%: 3% +24x+15

Next, set the derivative equal to zero and solve for x

3x?+24x+15=0

X2+ 8x+58=0
Using the quadratic formula (or your calculator), we get:
.
~84 6420
x= BEN6E720 | ogs 7317
2
Let's use the second derivative fest to determine which is the maximum. We take
the second derivative and then Plug In the critical values that we found when we set
the first derivative equal to zero. If the sign of the second derivative at a critical
value is positive, then the curve has a local minimum there. If the sign of the
second derivative is negative, then the curve has a local maximum there.

e
The second derivative is: _d_i =6x+24. The second derivative is negative at
x = ~7.317, so the curve has a local maxdimum there.

The answer is ().

Prosiem 31. The side of a square is increasing at a constant rate of 0.4 cm /sec . In terms of
the perimeter, P, what is the rate of change of the area of the square, in cm? / sec?

The formula for the perimeter of a square is P’ = 4s, where s is the length of a side of
the square.

dP ds

If we differentiate this with respect to ¢, we get -~ d . We Plug In g; =04 and
£

aP
we get T 4(0.4)— 1.6

The formula for the area of a square is A = s%. If we solve the perimeter equation for
s in terms of P and substitute it into the area equation we get:

2 .
S:;Iirsc} Am[£] :—I-ii

4 4 16
. . : dA P dp
It we differentiate this with respect to f, we get TRy
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Now we Plug In %I—;— =1.6 and we get: %? = %(1.6) =(0.2P

The answer is (B).

ProBLEM 32. Let f be the function given by f (x) =3", For what value of x is the slope of the

line tangent to the curve at (x, f (1)) equal to 1?

The slope of the tangent line is the derivative of the function.

Recall that gmax =g" lna. Here we get: f’(x) =3"In 3.
x
Now we set the derivative equal to 1 and solve for x.

Using the calculator, we get: 3"In3=1

x = —086
The answer is (F3).

ProsLem 33. Given fand g are differentiable functions and
Hla)= 4 gla)=cr g(c)=10° (c)=15
Fla)=8: la)=b: 2(0)=5 Fe)=6
it H(x)= £(s(x)), ind #(a)
Use the Chain Rule to find 7(a): #/(x)= f/{g(x)) g'(x)

We substitute a for x, and because g(a)= ¢, we get: h’(a)z f’(c)-g’(a) =6b

The answer is (A).
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Prosiem 34. What is the area of the region in the first quadrant enclosed by the graph of
IZ

y=e¢ ¢and the line y=05

First, we should graph the two curves.

y
mxz
1 Y=l g
‘_/»G: =03
* -1 1

Next, we need to find the points of intersection of the two curves, which we do by
setting them equal to each other and solving for x.

12
£ =05
You will need to use a calculator to solve for x. The answers are {(to three decimal

- places): x=-1.665 and x = +1.665.

[

We can find the area between the two curves by integrating the top curve minus the
bottom curve, using the points of intersection as the limits of integration. Because
we want to find the area in the first quadrant, we use 0 as the lower limit of

1.665 vﬁ
integration. We get: J. g * =5 ldx

16651 %
We will need a calculator to evaluate this integral: j e * -5 |dx~0516

The answer is {B).
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3
ProsLEM 35. What is the trapezoidal approximation of J‘E'rdx using # = 4 subintervals?
4

The Trapezoid Rule enables us to approximate the area under a curve with a fair
degree of accuracy. The rule says that the area between the x-axis and the curve

Y= f( x), on the in-ter_val [ a, b]r with » trapezoids, is:

Th—ua
S Vot 20+ 20+ 2+ 2+ Y
Using the rule here, with n =4, 4 =0, and b = 3, we get:

3 6 9

_12_% 0L et 426k 1208 4 2% =19.972

The answer is (C).

Prosrem 36. The second derivative of a function fis given by f”{x)= xsinx- 2. How many
points of inflection does f have on the interval (wlO,lO) ?
Use your calculator to graph the second derivative and count the number of times

that it crosses the y-axis on the interval (40,10).

It crosses four times, so there are four points of inflection.

The answer is {C).
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Prosiem 37. lim /
fi—0 i’,ﬁ

Notice how this limit takes the form of the definition of the Derivative, which is;

o )

R0 h
Here, if we think of f (x) as sin x, then this expression gives the derivative of sin x
. 51
at the point x= o
/=
The derivative of sin xis f'{x ( ) cosx. At x= 5—6& we get f (mém ‘w COSLJ{} \/g
J

The answer is (E)

ProsrLem 38. fi j cost di=
d ‘ 2x

The Second Fundamental Theorem of Calculus teils us how to find the derivative of

au dv
an integral: _f f ) (v) - » where u and v are functions of x.
dx dx’

d
Here we can use the theorem to get: = f cost dt =5¢os Bx—-2cos2x.
X

" The answer is (A).
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Prosiem 39. The base of a solid S is the region enclosed by the graph of 4x+ 5y = 20, the x-

axis, and the y-axis. If the cross-sections of 5 perpendicular to the r-axis are semicircles,
then the volume of S is

First, sketch the region.

The rule for finding the volume of a solid with known cross-sections is

&
szA(x) dx, where A is the formula for the area of the cross-section. Here, x

a
represents the diameter of a semi-circular cross-section.

2
The area of & semi-circle in terms of its diameter is A= e We find the length of

20—4x

the diameter by solving the equation 4x+ 5y =20 fory: y= . Next, we need

to find where the graph intersects the x-axis. You should get x = 5. Thus, we find

( 50_—_4_12
U5 g
]

5
the volume by evaluating the integral: fﬂ'
0

5 5
L . e 3 _ 2 B ¥ _ 2
This integral can be simplified to: 565 { (20 4,;\:) dx= 300 J; (4(}0 160x+16x ) dx

You can evaluate the integral by hand or with a calculator. You should get:

T

200

j(400—160x+16x2)dx:}-9§-
]

The answer is (B).
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Prosiem 40. Which of the following is an equation of the line tangent to the graph of
y=x"+x"at y=37?
If we want to find the equation of the tangent line, first we need to find the x-

coordinate that corresponds to ¥ =3. If you use your calculator to solve x* + % =3,
you should get x = 1.1746.

Next, we need to find the derivative of the curve at x = 1.1746.

We gett o300 At = 1.1746, 5‘53_] =3(1.1746)" +2(1.1746) = 6.488
dx Fle=1.1746
(rounded to three decimal places).

Now we have the slope of the tangent line and a point that it goes through. We can
use the point-slope formula for the equation of a line, ( y—yq J=mx~ xl), and Plug

In what we have just found. We get: (y—3)= (6.488)(x~ 1.1746). This simplifies to _
y=6488x—4.620
The answer is (D).

ProsLEm 41. If f ’(x) =Inx—x+2, at which of the following values of x does fhave a relative
minimum value?

Set the derivative equal to zero and solve for x. Using your calculator, you should
get Inx—x+2=0

x = 3.146 or x = 0.159 (rounded to three decimal places).

Let’s use the second derivative test to determine which is the minimum. We take the
second derivative and then Plug In the critical values that we found when we set the
first derivative equal to zero. 1f the sign of the second derivative at a critical value
is positive, then the curve has a local minimum there. If the sign of the second
derivative is negative, then the curve has a local maximum there,

H 1 * * * L
The second derivative is: f (x) = 1. The second derivative is positive at x =0.159,

so the curve has a local minimum there.

The answer is (I},
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ProsLEM 42. Find the area of the region between the curve y=cosx and the x-axis from
x=1tox =2 radians.

- First, we should graph the curve.

) ) T i
Note that the curve is above the x-axis from x =1 to x == and below the x-axis from

n , ,
x=--tox =2, Thus we need to evaluate two integrals to find the area.
L

et Srmy 13 |

]
o
W
},()
ja
=

_{

B i ]

We will need a calculator to evaluate these integrals:

cosx dx+ {— Cos x) dx =0.249

2t e 13 |
Py | W e—— b2

The answer is (C).
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Prosiem 43, Let f(x):jcotxdx; O<x<m. If f(%):l, then f(1)=

dx . Then we use y-substitu-

“c—?osx
7 sinx
tion. - Let w=sinx and du=cosx. Substituting, we can get:

We find fcotx dx by rewriting the integral as

- dx=1]—=In
sin x U

get rid of the absolute value bars because sine is always positive on the interval.).

j COSX du_ u§+C. Then substituting back, we get:- ln(sin x)+C (We can

3 :
Next, we use f{gjzl to solve for C. We get: 1= ln[s'm %]+C

1m1n[1]+(3
2.

\
1- m( 'J: C=1.693147
L

Nlh—d‘

Thus, f(x) = En(sin x) +1.693147

Atx =1, weget f (1) = hi(sin])+1.693147 = 1.521(r0ﬁnded to three decimal places).

The answer is (E).

e . . d .
Proeiem 44. A radioactive isotope, y, decays according to the equation _;i% =ky, where k is

a constant and ¢ is measured in seconds. If the half-life of y is 1 minute, then the value of
kis

We solve this differential equation using separation of variables.
First, move the y to the left side and the dt to the right side, to get: 4y = kdt .
: ¥

Now, integrate both sides:

j% = kv{ dt

Iny=kt+C

Next, it’s traditional to put the equation in terms of y. We do this by exponentiating
both sides to the base e. We get: y = ef+¢
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Kt C

Using the rules of exponents, we can rewrite this as: y=¢"¢ Finaﬁy, because ¢ is

a constant, we can rewrite the equation as: y= Ce*.

. . 1
Now, we use the initial condition to scolve for k. At time ¢ = 60 (seconds), y= 7

(We are assuming a starting amount of y = 1, which will make C =1. Actually, we
couid assume any starting amount. The half-life tells us that there will be half that

: 1
amount after 1 minute.} 5= ™

1 1
S ke Jo=oIng —
olve for c 0 n(z}

This gives us p— _q 12 {rounded to three decimal places).

The answer is (B).

Prosrem 45.

é\_/zL é,

Let g J' f dt where f ( ) has the graph shown above. Which of the following

could be the graph of g 7

The function g{x j- Flt)at is called an accumulation function and stands for the

area between the curve and the x-axis to the point x. At x =0, the area is 0, so

g((})w 0. From x =0 to x = 2 the area grows, so g( ) has a positive slope. Then
from x = 2 to x = 4 the area shrinks (because we subtract area of the region under

the x-axis from i;he area of the region above it), so & (x) has a negative slope.

Finally, from x = 4 to x = 6 the area again grows, S0 g( ) has a positive slope. The
curve that best represents this is (B).

The answer is (B).
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ANSWERS AND EXPLANATIONS TO SECTION I

ProrLEM 1.

Let R be the region in the first quadrant shown in the figure above.

(a} Find the area of R,

(b) Find the volufne of the solid generated when R is revolved about the x-axis.
{c) Find the volume of the solid generated when R is revolved about the line y=1
{a) In order to find the area, we “slice the region vertically and add up all of the

slices. We use the formula for the area of the region between y= f (?C) and ¥=g (x) ,

b
fromx = a to x = b; “f(x)wg(x)] dx. Here, we have: f(x)=4-x" and g(x)=2¢".

: |3
Next, we need to find the point of intersection in the first quadrant. Use your
calculator to find that the point of intersection is x = 1.058 (rounded to three decimal

1.058
places). Plugging into the formula, we get: f [(4—— xQ}— ex] dx .
' 0

1.058 }{3 \1.058
Evaluating the integral, we get: J’ [(4- xz)— e’(} tx = {4x—— 5 exj =1.957.

(b} In order to find the volume of a region between 1= f (x) and y = g(x), from
x =ato x = b, when it is revolved about the x-axis, we use the formula:

9'1?_Lb[f(x)2 - g(x)z]dx
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Here our integral is: ;'TS[@_ xz)2 - (ex )Zil dx
0

Evaluating the integral, we gét:

1.058 ) 2 . 5 1.058 s . 0t l: X3 x5 ng L.O38
bid J; [(4—x )] .—[e ] dx=1m }[ (16w8x +xt—e )deyréqu——g-—%mg- L = 32.629

(¢) In order to find the volume of this region, if we want to use vertical slices, we will

use the method of Cylindrical Sheils. Also, because we are revolving about the line
x = -1, we will need to add 1 to the radius of the cylindrical shell. We will use the

1.058

N i

. formula: 2nj(x+1)[f(x)—g(x)] dx. Here, we gei.ﬁ: 2 }{ (D‘Tﬁ"l)[{‘i*f)“e*“}d;\;

a

We suggest that you use your calculator to evaluate the integral:

1.058 1.058
27 j (x+1)[(4-—x2)—ex]dx=2x j [4xmx3——xe*’+4_—_x2~exjdx:17.059
a 0

Prospreas 2,

Home

A baseball diamond is a square with each side 90 feet in length. A player runs from

second base to third base at a rate of 18 ft/sec.

(a) At what rate is the player’s distance from first base, A, changing when his
distance from third base, D, is 22.5 feet?

(b) At what rate is angle ¢ increasing when D is 22.5 feet?

(c) Atwhat rate is the area of the trapezoidal region, formed by line segments A, B,
C, and D, changing when D is 22.5 feet? :
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(a) A is related to D by the Pythagorean Theorem: 90”+ (90~ D)z = A’ This can be
simplified to: 16200~180D+D* = A4*

dD dl dA
Take the derivative of both sides with respect to £ —180 + ZDW&}M = ZAWEM

Ji
Now, we are given that T ~-18 (It's negative because D is shrinking.) and
D =22.5. Next, we need to solve for A: 90° + {90~ 22.5):2 = A%, Youshould get A=1125

dA
Now we can Plug In and solve for %ﬁ}: “18{)(“18)‘3“ 2(22—5)(—18) = 2(112 3) a

3240810 = 225%4‘i

dA

—Jf— =10.8 ff/SEC
_ 90-D D i : . L
(b} Notice that tana = 0 =1~ 30 We differentiate both sides with respect to
f: sec” of = =—
dt 90 dt

Next, we need to solve for goc? when p= 225, From pari (a), we know that

-

80 seca—}}%—?— S0 Secza=g_
A:1125’ - 90 ’ 16

d
Now we Plug In to solve for —~ <, 25\ da 1 ( 18)
dt’l16) a9

% - %?% =0.128 radians/sec

{¢) The area of the trapezoid is a = %C (B + D). Notice that B and C are constants. We

differentiate both sides with respect to £: da_1 g 4D
de 2 dt
Now we Plug In and solve for i%: da -1-(90)(—-18): ~810 f#?/sec
dt dr 2
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ProprEM 3. A body is coasting to a stop and the only force acting on it is a resistance
13
ds . "

proportional to its speed according to the equation yria v, F=Te s (G)= 0, where v,

is the body’s initial velocity (in m/s), v, is its final velocity, m is its mass, k is a constant, and
t is time.

(a) If the body, with mass m = 50kg and k = 1.5kg/sec, initially has a velocity of 30 m/
s, how long, to the nearest second, will it take to slow to 1 m/s?

_ (b) How far, to the 10 nearest meters, will the body coast during the time it takes to
slow from 30 m/s to 1 m/s?

(c) If the body coasts from 30 m/s to a stop, how far will it coast?
(a) We simply Plug Into the formula and solve for .

Weget v,=ye [m’

(15,
1306 %)
1 —g{‘}f‘:‘é\if
Divide both sides by 30: ——==e¢ 50/

30

1 1.5
Take the ] ides: In—=—| == |t
ake the log of both sides N [50}

Multiply both sides by - f% D T1E In 0 t =113 seconds

(K
(b) Now we need to solve the differential equation %% =7, € (’”} , which we cando

k\
_.;T;J

with separation of variables. First, multiply both sides by dt: ds=1v, e

' k
S A
Integrate both sides: f ds= IUU e Lm) di
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k
: mo ‘(
Evaluate the integrals; s=--—L¢ \"

f ,
J +C. Now Plug In the initial conditions to

(50)(30) (%)

. | = [0)
solve for C: 0= — x T

c . (30)(50)
15

=1000

I

- — f
Therefore, s=——2 ¢ [”I 7 +1000. Now we Plug In the time f = 113 that we found in

part (a) as well as the initial conditions to solve for is:

(5030 {5

+ 1000 = 970 meters
1.5

{c} Here, because the braking force is an exponential function, the object will coast
to a stop after an infinite amount of time. In other words, we need to find

_(EH
lim s() = lim| 1000—1000e '™/ |=1000 meters
formi w0 tyoo
ProsLEM 4. TVt
,."g: Train B
< a0+ d
*? L Train A
§ 30 s
2204
10+
R e e B et
2 4 6 8 10 12 14 16 18

Time {FHours)

Three trains, A, B, and C each travel on a straight track for 0<t<16 hours. The
_ graphs above, which consist of line segments, show the velocities, in kilometers per

hour, of trains A and B. The velocity of C is given by U(i") = 8t — 0.25¢7

(Indicate units of measure for all answers.)
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{a) Find the velocities of A and C at time t = 6 hours,
(b) Find the accelerations of B and C at time ¢ = 6 hours.

(c) Find the positive difference between the total distance that A traveled and the
total distance that B traveled in 16 hours.

(d) Find the total distance that C traveled in 16 hours.

(a) We can find the velocity of train A at time { = 6 simply by reading the graph. We
get U, (6} =25 kph. We find the velocity of train C at time = 6 by plugging ¢ = 6 into

the formula. We get ZJC(6) = 8(6)m .25(62) =39 Iciiometer;s'per hour .

(b} Acceleration is the derivative of velocity with respect to time. For train B, we
look at the slope of the graph at time t = 6. We get 95(6) =0km/ hr* . For train C, we

take the derivative of v. We get: a(f) =8~.5t. Attimet =6, we get a. (6\‘ =5 km/ b’

{¢} In order to find the total distance that train A traveled in 16 hours, we need to
find the area under the graph. We can find this area by adding up the areas of the
different geometric objects that are under the graph. From time t =0 to { =2, we
need to find the area of & triangle with a base of 2 and a height of 20. The area is 20.
Next, from time f = 2 to # = 4, we need to find the area of a rectangle with a base of
2 and a height of 20. The area is 40. Next, from time { =4 tot =8, we need to find
the area of a trapezoid with bases of 20 and 30 and a height of 4. The area is 100.
Next, from time ! = 8 to f = 12, we need to find the area of a rectangle with a base of
4 and a height of 30. The area is 120. Finally, from time t = 12 to t = 16, we need to
find the area of a triangle with a base of 4 and a height of 30. The area is 60. Thus
the total distance that train A traveled is 340 km. '

Let’s repeat the process for train B. From time f =0 tot =4, we need to fing the area
of a triangle with a base of 4 and a height of 40. The area is 80. Next, from time { =
4to t = 10, we need to find the area of a rectangle with a base of 6 and a height of 40.
The area is 120. Finally, from time ¢ = 10 to t = 16, we need to find the area of a
triangle with a base of 6 and a height of 40. The area is 120. Thus the total distance
that train B traveled is 320 km.

Therefore, the positive difference between their distances is 20 k.

(d) First, note that the graph of train C's velocity, ot )= 8t—0.25t", is above the x-
axis on the entire interval. Therefore, in order to find the total distance traveled, we

16
integrate U(i‘) over the interval. We get: j (Bfw .25f2) dt.
a
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Evaluate the integral:

o Sy T
——
&

P2
[

e
P
=
b
]
ST,
e
T

=
.
i)
—
=)
]
=
e
o0
=
=

PROBLEM 5.

The figure above shows the graph of g(l) where ¢ is the derivative of the function

frfor -3<x<9. The graph consists of three semicircular regions and has horizontal
tangent lines at x = 0, x = 4.5, and x = 7.5. -

{a) Find all values of x, for -3 <x< 9, at which fattains a relative mm1mum }‘ustlfy
your answer.

(b) Find ali values of x, for -3 < x< 9, at which fattains a relative maximum. Justify
your answer. .

(©) 1 fx)= [ g(t)at, find f(6)
33
(d) Find all points where f ”(x) =0

(a} Because g is the derivative of the function f, f will attain a relative minimum at
a point where ¢ = 0 and where ¢ is negative to the left of that point and positive to
the right of it. This occurs at x = 6.

(b) Because g is the derivative of the function f, fwill attain a relative maximum at
& point where g =  and where g is positive to the left of that point and negative to
the right of it, This occurs at x = 3 and at x = 9.
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(¢} We are trying to find the area between the graph and the x-axis from x = -3 to

x = 6. From x = -3 to x = 3, the region is a semicircle of radius 3, so the area is _9_2{5

From x = 3 to x = 6, the region is a semicircle of radius 5750 the area is _Q_g_ We

subtract the latter region from the former to obtairn: —9;— ?;73 e —— 277[

8 8

(d) Because f”(x)=g’(x], we are looking for points were the derivative of g'is Zero.
This occurs at the horizontal tangent lines at x =0, x = 4.5, and x = 7.5.

ProsLem 6. Consider the curve given by 'y~ 4x+y"=2.
(a) Find 2
dx

2

. dTy
b} Find —=-.
(b) Fi T

{c) Find the equation of the tangent lines at each of the two points on the curve
whose x-coordinate is 1.

dy

2 Eg'y+29cy 4+2y =0

{(a) We can find %i by implicit differentiation: x e
X

Now we need to do some algebra to isolate dj First, we move all of the terms that

dx
do not contain —?Ji to the right side of the equals sign:
X
2 o8
2 =4~7
iz Y g4

- d
Next, we factor out %: E%(xz + Zy) =4—2xy

Finally, we divide through by (xz + Q;y) to isolate

_d_li. Ei_fki“4“2x3/
dx’ dxmx2+2y
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(b} We need to use the Quotient Rule and implicit differentiation:

[ .4y ( dy
r2 |- _ o j— _— + 2
dzy_(l +2y),k 2 Qy] (4 ny);kz.x 2dx]

dx’® . (x2+2y)2

Next, substitute 4Y - 4-2XY into the derivative:

dx  x*+2y
ey ) {a_ \
(x2+2y)i(—2x(%wgﬂ- E—Zy}—(4—2xy)(2x+ 2l w EJ
dzy: L X542y L L x*+2y )
dx" (xz +,2y)2

There is no need to simplify this.
{c) First, we need to find the y-coordinates that correspond to x = 1. We plug

x =1 into xzy— 4x+ y2 =2, and rearrange a little, and we get: yz +y—-6=0.
Next, we factor the quadratic to get: (i +3){y~2)=0, so we will be finding tangent
lines at the coordinates (L —3) and (1,2).

At (E,MS), we get: E_%:E;%(}lﬁ:?’l }9_-

dx (1) +2(-3) -5

Therefore, the equation of the tangent line is: y+3= —2(xm 1).

' y A-2(1)2)
At (1,2), we get: Ei:i_?%f_z_@i
dx (14 2(2)

Therefore, the equation of the tangent line is: y= 2.
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